A subgroup H of a group G is said to permute with a subgroup K of G if HK is a subgroup of G. H is said to be permutable (resp. S-permutable) if it permutes with all the subgroups (resp. Sylow subgroups) of G. Finite groups in which permutability (resp. S-permutability) is a transitive relation are called PT-groups (resp. PST-groups). PT-, PST-and T-groups, or groups in which normality is transitive, have been extensively studied and characterised. Kaplan [Kaplan G., On T -groups, supersolvable groups, and maximal subgroups, Arch. Math. (Basel), 2011, 96(1), 19-25] presented some new characterisations of soluble T-groups. The main goal of this paper is to establish PT-and PST-versions of Kaplan's results, which enables a better understanding of the relationships between these classes. 20D05, 20D10, 20E15, 20E28, 20F16 
Introduction and statement of results
All groups considered in this paper are finite. Recall that a subgroup A of a group G is said to be permutable (resp. S-permutable) in G if A permutes with all the subgroups (resp. Sylow subgroups) of G. Kegel [1, 1.2.14 (3)]) showed that any S-permutable subgroup is subnormal. A group G is called a PT-group (resp. PST-group) if permutability (resp. S-permutability) is a transitive relation in G, that is, if A and B are subgroups of G such that A is permutable (resp. S-permutable) in B and B is permutable (resp. S-permutable) in G, then A is permutable (resp. S-permutable) in G. By Kegel's result, G is a PT-group (resp. PST-group) if and only if every subnormal subgroup is permutable (resp. S-permutable) in G. Clearly, every PT-group is a PST-group and every T-group, or group in which every subnormal subgroup is normal, is a PT-group. The reader is referred to [1, Chapter 2] for basic results about these classes of groups.
The results presented here spring from recent results of Kaplan [6] characterising the soluble T-groups by means of their maximal subgroups and some class of pre-Frattini subgroups. He proved that a group G is a soluble T-group if and only if every non-normal subgroup of every subgroup H of G is contained in a non-normal maximal subgroup of H. He also considers the intersection of all maximal subgroups of a group G containing a proper subgroup A of G to give a criterion for a soluble group to be a T-group. This paper is a natural continuation of Kaplan's paper [6] and presents new characterisations of soluble PT-and PSTgroups. Kaplan's results follow naturally from our main theorems. It is abundantly clear that our results are not a mere exercise in generalisation. In fact, our theorems shed more light on the study of relations between these three classes in the soluble universe and open the door to possible extensions to the non-soluble one. The starting point of our results is the following: let A be a proper permutable (resp. S-permutable) subgroup of a soluble group G. Then, by Kegel's result, A is subnormal in G and so it is contained in a maximal subgroup of G which is normal in G. It then seems desirable to investigate the class of groups in which every non-permutable (resp. non-S-permutable subgroup) is contained in a non-normal maximal subgroup.
Definition 1.1.
We say that a group G is a PNM-group (resp. SNM-group) if every non-permutable (resp. non-S-permutable) subgroup of G is contained in a non-normal maximal subgroup of G.
It is clear that every PNM-group is an SNM-group. If G has all subgroups S-permutable, or equivalently, G is nilpotent, then G is an SNM-group. However, a nilpotent group G is a PNM-group if and only if every subgroup of G is permutable, that is, G is an Iwasawa group. If G is a perfect group, then every maximal subgroup is non-normal, and so G is also a PNM-group. The classes of all PNM-groups and SNM-groups are not closed under taking subgroups since the symmetric group of degree five is a PNM-group but the alternating group of degree four is a non-PNM-group. However, both classes are closed under taking epimorphic images.
Our first main result is the following.
Theorem 1.2.
A group G is a soluble PST- 
A group G is a soluble PT-group if and only if every subgroup of G is a PNM-group.
Following [6] , we say that a group G is an NNM-group if every non-normal subgroup is contained in a non-normal maximal subgroup. It is clear that a nilpotent group is an NNM-group if and only if it is a Dedekind group. Hence, applying [1, 2.1.10], we see that every subgroup of a group G is an NNM-group if and only if every subgroup of G is an SNM-group and the Sylow subgroups are Dedekind. As an immediate deduction we have:
Corollary 1.5 ([6, Theorem 1]).

A group G is a soluble T-group if and only if every subgroup is an NNM-group.
Our next result extends [6, Theorem 5] . It shows that all the SNM-extensions of a supersoluble group by a nilpotent group are supersoluble.
Theorem 1.6.
If G is an SNM-group, then the nilpotent residual G N is supersoluble if and only if G is supersoluble.
Recall that the nilpotent residual of a group is the smallest normal subgroup with nilpotent quotient. 
If G is a group whose non-nilpotent subgroups are SNM-groups, then G is supersoluble.
Let A be a proper subgroup of G. Following [6] , we denote by Λ G (A) the intersection of all maximal subgroups of
is the intersection of conjugacy classes of maximal subgroups of G, and therefore
Kaplan [6] considered the class of all groups G in which the set of all non-normal subgroups is Λ G -invariant, and he proved that this class is, in the soluble universe, the class of all T-groups. Bearing in mind this result, it seems natural to wonder how nearly a group G in which the set of all non-permutable (resp. S-permutable) subgroups of G is Λ G -invariant is a PT-group (resp. PST-group).
Assume that G is a group such that Λ G (A) is not S-permutable for all non-S-permutable subgroups A of G. Then if A is subnormal in G, Λ G (A) is normal in G by the above observations. Therefore, A must be S-permutable in G and the same is true for permutable subgroups. Our next results show that the converse is also true.
Theorem 1.8.
Let G be a soluble PST-group. If A is a subgroup of G such that Λ G (A) is normal in G, then A is S-permutable in G.
Theorem 1.8 will now be applied to the consideration of soluble PST-groups.
Corollary 1.9.
A soluble group G is a PST-group if and only if the set of all non-S-permutable subgroups of G is Λ G -invariant.
Applying [1, 2.1.10], we have that S-permutable subgroups of groups with Dedekind (resp. Iwasawa) Sylow subgroups are normal (resp. permutable). Hence [6, Theorem 2] is a consequence of the above corollary. In fact, we have: Corollary 1.10. , M is not normal in G. Consequently, G is an SNM-group. Now, applying [1, 2.1.9], we have that every subgroup of G is a soluble PST-group. The above argument implies that every subgroup of G is an SNM-group. Now it will be established that every group G in which every subgroup is an SNM-group must be a PST-group. We argue by contradiction. Assume that G is a counterexample of least order to the result. Then every proper subgroup of G is a soluble PST-group and so every proper subgroup of G is supersoluble by [ On the other hand, there exists a subnormal subgroup H which is not S-permutable in G. Let M be a maximal normal subgroup of G containing H. As G is an SNM-group, we can find a non-normal maximal subgroup L of G containing H. Then G = ML. Since H is not S-permutable in G, there exists a Sylow -subgroup P of G such that P does not permute with H. The minimal choice of G implies that H is S-permutable in M and L. By Proof of Lemma 1.3. Assume that every subgroup of a group G is a PNM-group. Then every subgroup of G is an SNM-group since permutability implies S-permutability. Moreover, every Sylow subgroup P of G is a nilpotent PNM-group. Hence P has all its subgroups permutable and so P is an Iwasawa group.
A soluble group G is a T-group (resp. PT-group) if and only if the set of all non-normal (resp. non-permutable) subgroups of G is Λ G -invariant.
Proofs
Conversely, assume that every subgroup of G is an SNM-group and the Sylow subgroups of G are Iwasawa groups. Let K be an S-permutable subgroup of a subgroup H of G. Since the Sylow subgroups of H are also Iwasawa groups, we can apply [1, 2.1.10] to conclude that K is permutable in H. Therefore H is a PNM-group. Consequently, every subgroup of G is a PNM-group. Since G is a PST-group, it follows that A is S-permutable in G. This contradiction allows us to conclude that the result as stated is true.
